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The perturbability function of a matroid measures the maximum increase in the weight of its
minimum weight bases that can be produced by increases of a given total cost on the weights of its
elements. We present an algorithm for computing this function that runs in strongly polynomial
time for matroids in which independence can be tested in strongly polynomial time. Furthermore,
for the case of transversal matroids we are able to take advantage of their special structure to
design a faster algorithm for computing the perturbability function.

1. Introduction

A fundamental problem in the study of dynamic systems is that of measuring how
sensitive a problem is to perturbations in its input [17, 18, 22]. A significant limi-
tation of the current methods for sensitivity analysis in combinatorial optimization
is that they measure only changes in the solution of a problem produced by per-
turbations in the value of a single element in its input [17, 21, 27, 28]. In some
situations it is necessary to determine the maximum effect that bounded changes
in the whole input of a problem can have over the value of its solution, so that sen-
sitivity analysis does not suffice [8, 10, 12, 18, 24]. In this paper we consider the
important class of matroid optimization problems, and present efficient algorithms
to compute the effect that this type of changes has over their solutions.

The perturbability function of a matroid measures the maximum increase in
the weight of its minimum weight bases that can be produced by increases of a
given total cost on the weights of its elements. We assume a cost model that for
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any element e of a matroid charges d*c(e) to increase the weight of e by J, where
c(e) is a non-negative value.

Matroid theory provides an elegant structure that captures the essence of
a large and important class of problems [19, 20, 26, 29]. There are matroid
optimization problems in computational biology [16], graph theory [8, 19], and
electrical networks [20, 26] for which only estimates of the input values are available,
or for which changes in the input values are expected. The perturbability functions
for these problems can be used to assess the quality of their solutions. In this paper
we present a general algorithm for computing the perturbability function for any
matroid. Furthermore, for the case of transversal matroids we are able to take
advantage of their special structure to design a faster algorithm for computing the
perturbability function.

The concept of perturbability function has been considered before in the con-
text of minimum spanning trees [8], shortest paths [12], and maximum flows in
planar graphs [24]. Related problems have also been considered. Drangmeister et
al. [6] give a constant-approximation algorithm for the problem of spending a fixed
budget reducing the weights of the edges of a given graph to minimize the weight
of its minimum spanning trees. Berman et al. [2] study the problem of shortening
the weights of the edges of a given rooted tree to minimize the sum of the distances
from the root to all of the other vertices in the tree.

Our algorithm for computing the perturbability function of a matroid runs
in strongly polynomial time for any matroid with a strongly polynomial time
independence test. There are two key ideas in the algorithm. The first is a reduction
from the problem of computing the perturbability function of a weighted matroid
to that of computing the perturbability function of some family F' of minors of the
matroid. Each minor in the family F' is formed by elements of the same weight.
The second key idea is a transformation from the latter problem to the membership
problem on a matroid polyhedron [3]. Our algorithm computes the perturbability

function of a weighted matroid in O(m°n?+m*n*7) time, where m is the number of
elements in the matroid, n is its rank, and 7 is the time needed to test independence
for a set of at most n elements. As we show, the perturbability function is piecewise
linear and it has at most mn breakpoints. Our algorithm can compute all the
breakpoints of the function within the time bound stated above.

For the case of transversal matroids, we give an algorithm that computes the
perturbability function in O(mn(m-+n?)|E|log(m?/|E|+2)) time, where E is the set
of edges in the bipartite graph that defines the transversal matroid (see e.g. [13]).
We prove an extension of Hall’s Theorem for the class of minors that constitute
family F'. This extended theorem allows us to solve the membership problem for
the matroid polyhedron associated with each submatroid in F' by performing a
single minimum-cut computation over a bipartite graph.

The rest of the paper is organized as follows. In Section 2 we give some matroid
terminology. In Section 3 we describe our general algorithm for computing the
perturbability function of a matroid, and in Section 4 we present our more efficient
algorithm for transversal matroids.
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2. Matroid terminology

A weighted matroid M = (E,Z,w,c) cousists of a finite set F of elements and a
collection Z of subsets of F satisfying well-known axioms (see e.g. [29]). Function
w assigns a non-negative weight w(e) to each element e € E. We assume that the
weight of an element is not a static quantity, but it can be increased at a certain
cost. For any value 0 >0, the cost of increasing the weight of some element e by §
is 0xc(e). Set E is called the ground set of M, and the subsets in Z are called the
independent sets of the matroid.

An independent set of maximum cardinality is a base of M. The number of
elements in any base is the rank of the matroid. For any set S C E, rank(S, M)
denotes the size of the largest independent subset of S. We denote by n the rank
of a matroid and by m the size of its ground set. A set SCFE not in Z is called a
dependent set. A minimal dependent set is a circuit.

The perturbability function of a matroid M = (E,Z,w,c) is denoted as Fj;.

For any vector z € RF let /() denote the minimum weight of a base of M with
respect to x as the weight function. It is interesting to note that this function is
strongly related to the Lovdsz extension for submodular functions (see e.g. [11]).
With the help of rj; we can define formally the perturbability function: for any
value b >0, Fj(b) =max{r(w+z) —r(w) | cx <b}. It is easy to see that function
77 is concave, and thus that F); is also concave.

For any set T C E, the restriction of M to T, denoted as M|T, is the matroid
whose ground set is T' and whose independent sets are {S|S€Z and SCT}. The
contraction of T from M, denoted as M /T, is the matroid with ground set E—T
and independent sets { S|SCE—T, SUY € 7}, where Y is any base of M|T. Any
matroid derived from M by repeated application of these two operations is called
a minor of M.

Let M= (El,Il,wl,Cl) and Mo = (EQ,IQ,U)Q,CQ) be matroids and E1NEy = (1.
The sum of My and My, denoted as M1 @ Mo, is the matroid (E1 U Fa,Z12, w1 U
wa,c1Ucy), where Ty o ={1 Ul |1 €Z1,I12€12}.

The convex hull of incidence vectors of the independent subsets of a matroid
M form a matroid polyhedron P(M). Let Ry denote the set of nonnegative real
numbers. An explicit representation for the matroid polyhedron of a matroid M

is given by P(M)={z ERE \ Zsz(e) <rank(S,M) for all SC E}. Given a vector
ec

z€RE, a base of z is a maximal vector y € P(M) such that y(e) <z(e) for all e € E.

3. The general algorithm

In this section we present an algorithm for computing the perturbability function
F) of amatroid M =(FE,Z,w,c). The basic structure of our algorithm for arbitrary

L This condition is not necessary, we introduce it here for simplicity only.
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matroids is similar to that in [8] for minimum spanning trees; however, the design
of the key subroutine requires new ideas that go significantly beyond our work in
[8].

Given a set S C F, we define coverage(S,M) as the minimum number of
elements that any minimum weight base of M shares with S. We say that the
weights of the elements in a set S are lifted when the weight of every element in S
is increased by the same amount. Let tolerance(S, M) be the minimum amount by
which the weights of the elements in S have to be lifted to decrease coverage(S,M).
The rate of S in M, denoted as rate(S,M), is defined as ¢(S)/coverage(S, M),
where ¢(5) is the sum of the costs of the elements in S. Observe that if the weight
of each element in S is increased by some value A <tolerance(S, M), then the value
of rate(S,M)=* A gives the cost for increasing the weight of every minimum weight
base of M by at least A.

Our approach for computing F;(b) for a given value b> 0, consists in lifting
the weights of the elements in a set S of smallest rate in M up to the point where
coverage (S, M) decreases. Then a new set S of smallest rate is chosen and the
process is repeated until the total cost of the weight increases reaches a desired
value, b. The algorithm is the following.

Algorithm uplift (M,b)
balance < b
orig-wgt «— weight of a minimum weight base of M
while balance >0 do
Find a set SCFE of smallest rate in M.
Lift the weights of the elements in S by
A =min{ tolerance(S, M), balance /c(S) }.
balance < balance —Axc(S)
end while
new_wgt < weight of a minimum weight base of M
return (new_wgt — orig_wqt)

To illustrate how the algorithm works, consider the following simple example.
Let M = (E,Z,w,c) be a matroid with ground set E = {e1,e2,e3,eq4,e5} and in
which a set S C E is independent if and only if | S| <2. The weights of the elements
are 1,1,1,2, and 4, respectively, and their costs are 1,4,1,1, and 8. Let b=27. In
the first iteration of the while-loop, uplift selects subset S={e1,e3} with rate 2 and
tolerance 1, and lifts the weights of these elements to 2. The cost of these weight
increases is 2, and so the remaining budget has value 25. The second set selected
by uplift is S={e1,e3,e4} with rate 3 and tolerance 2. Algorithm uplift spends 6
units of the budget lifting the weights of the elements to 4. In the following two
iterations uplift selects set {ea} with rate 4 and tolerance 3, and set {ey,e2,e3,e4}
with rate 7 and tolerance co. The final weights of the elements are 5,5,5,5, and 4,
and Fy(27)=(4+5)—(1+1)="7.
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3.1. Analysis of the algorithm

Fix a matroid M =(F,Z,w,c) and a budget value b* >0. Let increases of total cost
b* be made on the weights of the elements of E so as to maximize the minimum
weight of any base of M. Let w* be a function that gives these increased weights,
and let A be an algorithm that given M and b* correctly computes Fy;(b*) and
w*. Without loss of generality we assume that A works in several stages. In each
stage it selects some set of elements and lifts their weights by a certain amount, in
such a way that at the end of all stages the weight of every element e € F is w*(e).

We show that the increase in the weight of the minimum weight bases of M
produced by uplift is the same as that produced by A. For this purpose only, it is
convenient to imagine that whenever A or uplift increases the weight of an element
e by some amount A, it does not just add A to w(e), but gradually raises the weight
from w(e) to w(e)+A. This allows us to consider the partial solutions built by the
algorithms when any fraction b of the budget b* has been spent by them increasing
element weights. For any value b, 0 < b<b*, let Sy be the set of elements whose
weights are being lifted by uplift when the budget spent by it reaches value b, let
wy, describe the weight function at that precise moment, and let My = (E,Z,wy,c).
Similarly, let S} be the set of elements whose weights are being lifted by A when

the budget spent by it reaches value b, let w; be the weight function at that precise
moment, and let My =(E,Z,wy,c).
To show that wuplift finds an optimal solution, it is sufficient to prove that

rate(Sy, My) = rate(Sy, M), for all 0 <b<b*. Let sm_eq(x, M) be the subset of
elements in M of weight no larger than x.

Lemma 3.1. Let M = (E,Z,w,c), M' =(E,Z,w’,c) be matroids and S C E. If for
every element e € S, sm_eq (w'(e),M') C sm_eq(w(e), M) then coverage (S,M) <
coverage (S, M").

Proof. Let B’ be a minimum weight base of M’ for which | B'NS|= coverage (S, M").
If B’ is not a minimum weight base of M, it can be transformed into one by taking
every element e € E—B’, one at a time, including e in B’ and removing the element
of largest weight in the unique circuit that is formed.

Note that by including in B’ any element e € S — B/, we create a circuit C
in which all elements a € C' have weights w’(a) <w’(e) because B’ is a minimum
weight base of M’. Moreover, since a € sm_eq(w'(e), M') C sm_eq(w(e), M) then
w(a) <w(e), and thus it is possible to construct a minimum weight base of M that
does not include any element from S — B’. This implies that coverage (S, M) <

coverage (S, M"). |

Lemma 3.1 suggests a way in which A can select the sets S; that makes it easy
to compare their rates with those of the sets S;. We would like that during the
construction of the optimal solution, A always chooses S to include only elements

e for which sm_eq(wy(e),Mp) C sm_eq(wy (e),M}). If this is possible, then by
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Lemma 3.1, rate(Sy, M) < rate(Sy, My). Since uplift always chooses the set S
with smallest rate in Mjp, then it would follow that rate(Sy, Mp) < rate(Sy, My).

We now specify how the sets S; are selected. Fix a value b, 0<b<b*. For any
value A>0, let ca be the total cost of bringing the weight of every element e from
its initial value w(e) up to min {w*(e),wy(e)+A}. Let Ay be such that ca, =b and
let w;(e) =min{w*(e),wy(e)+ Ay} for all e€ E.

Note that wj(e) <w*(e) and wj.(e) =w*(e) for all ec E. Select S; to include
all elements e for which wj(e) = wy(e) + Ay < w*(e) and wj__(e) < w*(e) for all
b>e>0.

Theorem 3.1. Algorithm uplift correctly computes Fy;(b*) for any matroid M =
(E,Z,w,c) and any value b* >0.

Proof. Consider any value b,0 < b < b*. Let e € S;. By definition of S; and
wy (e) it follows that w;(e) = wy(e) + Ay and wj (') <wy(€') + Ay for all € € E.
Hence if wy(e’) < wy(e) then wj(e’) < wj(e). Therefore, sm_eq(wy(e), M) C
sm_eq(wy (e), My'), and by the above discussion rate(Sy, My) < rate(Sy, My)). |

Corollary 3.1. The perturbability function F; is piece-wise linear, concave and
non-decreasing.

Proof. The proof of Theorem 3.1 shows that any partial solution constructed by
uplift is optimal for some budget value. Hence, uplift “marches” along the whole
curve Fj; when given as input an infinite budget value. In each iteration of the
while-loop, algorithm uplift “traverses” a (portion of a) linear segment of F; whose
slope is equal to the inverse of the rate of the set S selected during that iteration.
Since the slope of Fj; can only change when algorithm wuplift selects a different set,
then F); is piecewise linear.

We have already shown that Fjs is concave, and it clearly is non-decreasing. il

3.2. Finding a set of smallest rate

In this section we describe an algorithm for finding a set of smallest rate in a
matroid M. Our approach consists of two stages. In the first stage we form a
family of submatroids of M, each formed by elements of the same weight. We show
that at least one of these submatroids M; is such that any subset of elements with
smallest rate in M, also has smallest rate in M. In the second stage we exploit the
fact that all elements in M; have the same weight to find a set of smallest rate in it.

Fix a matroid M = (E,Z,w,c). Let wi,wa,...,wp be the different element
weights in M. For a given subset SCE, let S<w,;, S=w,;, S<u,, and S, denote,
respectively, the sets formed by all elements in S of weight smaller than w;, equal
to w;, at most w;, and larger than w;.
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It is known that the minimum weight bases of a matroid form a base family of
a matroid (see e.g. [11, Theorem 3.15]):

Lemma 3.2. (Fujishige) The minimum weight bases of matroid M coincide with
the base family of the matroid

p
M = P(M|E<y,)/E<uw;- 1
i=1

This lemma allows us to prove that a set of smallest rate in M can be found
by considering only the submatroids M; =(M|E<.,)/E<w,-

Lemma 3.3. Let SCFE be a set of smallest rate in matroid M and w; be the weight
of some element in S, then

1. S—y, is a set of smallest rate in M, and

2. any set T'C E—y, of smallest rate in M; = (M|E<,,,)/E<w,; has also smallest
rate in M.

Proof. Let wy,ws,...,w, be the different weights of the elements in S. By Lemma

' T
3.2, rate(S)=>" c(S:wj)/ > coverage(S=uw;) :min{c(S:wj)/covemge(S:wj) lj=
j=i =1 |
1,...,r} since S has smallest rate in M. Therefore, rate(S) = rate(S=w;) for all
j=1,...,7.

If TC E—y, is a set of smallest rate in M; then by Lemma 3.2, rate(T, M;) =
rate(T, M) and so T has smallest rate in M. |

Lemma 3.3 states that we can find a set of smallest rate in a matroid M with
arbitrary element weights by finding a set S; of smallest rate in each submatroid
M;=(M|E<y,;)/E<w;, and selecting the set S; for which the rate is minimum. All
elements in the submatroid M; have the same weight, and thus, every base of M; has
minimum weight. This means that for the purpose of computing a set of smallest
rate in M; we can consider that M; is an unweighted matroid. This observation
greatly simplifies the problem of computing a set of smallest rate in M;.

Consider an unweighted matroid M; = (E;,Z;) with rank n; and m; = |E;]|.
Define the function g;(A) =min{ ¢(T) — A« coverage(T, M;) | T C E; }, for every A>0.
Let o; be the smallest rate of any subset of E;. Then, it is easy to see that o; is
equal to the largest value of A for which g;(\)=0. Note that the slope of the curve
g; at any given point X is equal to coverage (S, M;) for some set S C E;, and thus
g; is piecewise linear and has at most n; breakpoints. Furthermore, function g; is
non-increasing and its leftmost linear piece has slope 0. The value of o; is, then,
equal to the value A of the first breakpoint of g;.

Since o; < ¢(E;)/n;, we can compute the value of o; by starting at the point
A = ¢(F;)/n; and moving backwards along the curve g; using Newton’s method.

This procedure for computing the value of o; needs to solve at most n; parametric
problems of the form: min{c(T")/A — coverage(T,M;) | T C E;}. Since M; is an
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unweighted matroid, then for any set S C F;, coverage(S,M;) = rank(E;, M;) —
rank(E; — S, M;). Thus, the above parametric problem is equivalent to

(1) min{c(T) /A + rank(E; — T, M;) | T C E; }.

Cunningham [3], showed that problem (1) is equivalent to the problem of finding
a base for the vector ¢/ in the matroid polyhedron P (M;). The fastest known
algorithm for solving this latter problem is due to Narayanan [23].

Lemma 3.4. A set of smallest rate in an unweighted matroid M; = (E;,Z;) can be

computed in O(m?nier?n?T) time, where T is the time required to test whether
a set of at most n; elements is independent in M;.

Proof. We use Narayanan’s algorithm [23] to solve problem (1) in O(m?erg’n?T)

time. Since at most n; problems of the form (1) have to be solved to find a
set of smallest rate in M;, the total time needed to solve the latter problem is

O(m;lni +mf’n?7). |

The process that we have described finds a set S of smallest rate in M such that
all the elements in S have the same weight, say w;. To compute tolerance(S, M)
we just find the smallest weight w; to which the weights of the elements in S

must be lifted in order to decrease coverage(S,M). If such a weight w; exists,
then tolerance(S,M)=w; —w;, otherwise tolerance(S, M)=o0. Note that since all
elements in S have weight w;, then coverage(S, M )= coverage (S, (M|E<,)/E<w;)-
Also, since M; = (M|E<,,)/E<w, is an unweighted matroid, then coverage (S, M;) =
rank(E=w,;, M;) — rank(E=y,; — S, M;). Thus, coverage(S,M;) can be computed by
performing at most |E—,,| independence tests in M;. To test if a set T'C E—,, is
independent in M;, find a minimum weight base B of M, and test if (B—B—y,; )UT
is independent in M. Since independence in M; can be tested within the same
time needed to test independence in M, then coverage(S,M;) can be computed in

O(|E|T) time, and tolerance(S, M) in O(|E|>) time.
Lemma 3.5. Algorithm uplift performs at most (m—1)n+1 iterations.

Proof. Let wy < wp < --- < wp be the different element weights in the input
matroid M. Consider any iteration of the while-loop of uplift. Let S be the
set of smallest rate selected by the algorithm on this iteration. We know from
the the above discussion that all elements in S have the same weight. Suppose
that in this iteration the algorithm increases the weights of the elements in S by
A=tolerance(S, M). By definition of tolerance all elements in S have their weights
increased to some value w;, i €{2,3,...,p}. Since S intersects every minimum weight
base of M, and every minimum weight base has the same number of elements of a
given weight, then this iteration increases by at least one the number of elements
of weight w; in every minimum weight base of the matroid.

The number of elements of weight w; in a base can be at most n, and hence
at most n of the iterations can increase the number of elements of weight w; in
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every minimum weight base. Since only in the last iteration the weights of the
elements in some set S are increased by balance/c(S), the algorithm performs at
most (m—1)n+1 iterations. ]

Theorem 3.2. The perturbability function of a weighted matroid M = (E,Z,w,c)

can be computed in O(m®n?+m*nr) time.

Proof. A set of smallest rate in M is computed by finding sets of smallest rate in
the submatroids (M|E<,,)/E<w,, for all 1<i<p. The total time required to solve

p
these subproblems is Y O(|E—w, |[*n+ |E—w, |>n37) = O0(m*n+m3n37). This time
=1

dominates each iteration of uplift, and since uplift performs at most mn iterations,
the total time needed to compute the perturbability function is O(m5n2+m4n47). [ |

Corollary 3.2. The set of all breakpoints of the perturbability function of a matroid

M can be computed in O(m°n?+m*n*r) time. ]

4. Transversal matroids

Given a bipartite graph G = (DUD',E), a transversal matroid can be defined in
terms of matchings in G. A matching of G is a subset of edges S C E such that no
two edges in S share a common endpoint. A transversal matroid M = (D,Z,w,c)
has as ground set, D, the set of vertices in one side of the bipartite graph G. A
subset of D is independent in M if it can be covered by a matching. Let m=|D|
and n be the rank of M.

We use again algorithm wuplift to compute the perturbability function of a
transversal matroid, but design a more efficient algorithm for solving problem (1)
in the computation of a set with smallest rate.

Let M; = (D;,Z;) = (M|E<y,)/E<w,;. Submatroid M; is a gammoid [25]. For
any set S C D; and vector 2 € RP# we let 2(S)= 3 x(e). From results in [3, 7],

ecS
it follows that for any vector x € RP¢, min{x(S) + rank(D; — S,M;) | S C D;} =
max{y(D;)|y€P(M;) and y<x}, where P(M;) is the matroid polyhedron for M;.
Problem (1) then is equivalent to

(2) max{y(D;) |y € P(M;) and y < c/A}.

We derive below an expression for P(M;) that allows us to solve efficiently
problem (2). Consider again the bipartite graph G = (DU D', A) that defines

transversal matroid M. For any set S C D, let N(S) ={v e D' | v is adjacent
to some vertex of S}. Hall’s Theorem (see e.g. [29]) states that graph G has

a matching covering some set of vertices S C D if and only if |N(S)| > |S’| for
all S’ C S. Our expression for the matroid polyhedron P(M;) will come from a
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description of the independent sets of the submatroids M; of the same flavor as
that provided by Hall’s Theorem.

Let B be a minimum weight base of M, and let B—,,, = B— B—,,,. For any set
T CD;, we define the function

3) Fi(T) = min{ IN(T'US)] — [8] - 8 € By, }.
Lemma 4.1. A set S C D; is independent in M; if and only if |[SNT| < fg;(T) for
all TC D;.

Proof. Suppose that set S C D; is independent in M;. Then, SU B—,, is an

independent set of M, and by Hall’s Theorem, |N(S")|>|S’| for all S'CSUB—y,.

Let TC D; and FC B—y,. Clearly (SNT)UF CSUB~—y,, and thus
IN(SNTYUBR)| > [(SNT)UF|=|SNT|+ |F|.

Since IN(TUF)| > |N((SNT)UF)|, then |SNT|<|N(TUF)|—|F|, and therefore,

|SNT|< fBi(T) for all TC D;.

Now, consider the other direction of the implication. Suppose that for some
set SC Dy, |SNT|< fpi(T) for all T C D;. This means that |SNT|<|N(TUF)|—|F|
for all TC D; and F C B—y,,. In particular, by choosing T'C S we get |N(TUF)|>
|T|+|F|=|TUF|. Thus, |IN(TUF)|>|TUF| for all TUF C SUB—y,, and hence,
by Hall’s Theorem, S UB:wi is independent in M. [ |

A set function h:2H = R is submodular if h(S)+ h(T)>h(SUT)+h(SNT)
holds for all S, TCH.
Lemma 4.2. Function fp; is submodular.
Proof. Let T and T’ be subsets of D;. Let SC B:wi and S’ C B:wi be such that
fBi(T)=IN(TUS)| -S| and fp;(T")=|N(T"US")|—|5"|. Then,

fBi(T) + fi(T') = IN(TUS)| + IN(T"U S|~ |S| - |S']
= N(TUS) |+ |N(T'US) = N(TUS)|+|IN(T'US ) NN (TUS)| - |SUS'|—[SNS|
>IMTUSUT USH| +INTNTHYUN(SNS) —|SuS|—|SnS|
> fpi(TUT) + fp(TNT). i

We use the following result by Edmonds [7, 4] to give explicit expressions for
the independent sets of M; and for its matroid polyhedron P(M;).

Theorem 4.1. (Edmonds) Let h:2H =R be a submodular function and J ={S|S C

H such that |SNF'|<h(F') for all F'"CH}. Then J is the family of independent
sets of a matroid on H, and the convex hull of incidence vectors of members of J
isC={y= (y1,y2,---,y|H\) |0<y; <1 for all 1 <i<|H| and y(F") <h(F') for all

F'CH}. |

From this Theorem and Lemma 4.2 we derive the following result.
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Theorem 4.2. The family of independent sets of the submatroid M; = (D;,Z;) =
(M|E<y,)/E<w,; is T;={S|SCD; and |SNF| < fp;(F) for all F C D;} and its
matroid polyhedron is P(M;)={z = (21,22,...,2p,|) |0 < 2 <1 for all 1 <i<|Dj|
and Z(F) SfBz(F) for all Fng}

Theorem 4.2 allows us to solve problem (2) using the polymatroid greedy
algorithm (see e.g. [14, 5]). The algorithm is the following.

Algorithm poly_greedy (M;, fp;,c,\)
y(eg) —0 for all ey€ D;
for each eye D; do
g —min{ fp;(T) —y(T)|e,€T S D;}
y(eg) —min{1,0p,c(er)/A}
end for

Consider an iteration of the for-loop of algorithm poly_greedy. Using the
definition of fp;, the value of §; can be rewritten as min {|N(TUF)| — |F| —

y(T) | e, €T C D; and F C B—y, }. This minimization problem can be solved by
computing a minimum cut in an auxiliary graph Gy = ({s,t}UD;UB—y, UD' Ey)
(see Figure 1). Graph G has an edge of infinite capacity from s to e, and an edge
of capacity y(e;) from s to each e; € D; —{ey}. There is an edge of capacity 1 from
5 to every vertex in B—y,;, and an edge of infinite capacity from v € D; UB—y, to
w e D" whenever the edge (v,w) belongs to the bipartite graph G. Finally, ég has
an edge of capacity 1 from each vertex in D’ to t.

Lemma 4.3. Let (R, R) be a minimum cut of Gy separating s from t, and let ¢(R, R)
be its capacity. Then, ¢(R,R)—y(D;) —|B=w,| =min{ [N (TUF)|—|F|—y(T)|e; €
TCD; and FQB:wi }.

Proof. Without loss of generality assume that s € R. Clearly vertex ey has to be

in R. Observe that for any v € R, N'(v) C R because otherwise the minimum cut
would have infinite capacity, and from Figure 1 it is apparent that a minimum cut

of Gg has finite capacity. Let Rp, =RND; and Rp_ = RN B—y,. From Figure 1

we can see that ¢(R,R) = |N(Rp,URg__ )|+ > y(e)+|B=w, — Rp_, |-
o SE(D»;*RDi) ot

Therefore,
e(R.R) ~ Y w(e) ~ |Bow| = IN(Rp, URp_, )~ 3 w(e) ~|Rp_, |
eeD; EERDl.

:min{|N(TUF)|—Zy(e)—|F|:egETgDi and F C B—y, }. 1
ecT
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Figure 1. Auxiliary graph Gy showing a minimum cut (R, R)

Lemma 4.3 allows us to implement poly_greedy by performing |D;| maximum

flow computations on auxiliary graphs Gg. However, we can do better than that.
Note that in each iteration of the for-loop of poly_greedy the value of §, can be

computed by finding a maximum flow of Gy that saturates every edge leaving s
except the edge (s,ep) of infinite capacity. By Lemma 4.3, §; is equal to the value
of the flow going through edge (s,e;) in this maximum flow. If the value of the
flow on edge (s,ey) is larger than min{1,c(ey)/A}, then poly_greedy reduces it to
min{1,c(ep)/A}. Thus, since in each iteration of the for-loop poly_greedy essentially
computes the maximum flow that can be sent through edge (s,ey), we can modify
the auxiliary graphs so that all values §, can be determined with a single maximum
flow computation on a new auxiliary graph Gj.

This new auxiliary graph G; = ({s,t} UD; U B—y, U D', E;) is built with the
same topology and edge capacities as any of the graphs Gg, except that each edge
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from s to e; € D; has capacity min{1,c(e;)/A} (there is no edge of infinite capacity
incident to s). Let z be a maximum flow for G; that saturates every edge from s to
B—y,. (Such a flow must exist since the elements in B—,,, form an independent set
of the transversal matroid M, and hence, there has to be a matching in GG; covering
them.) Let 2’ be the vector giving the value of the flow z through the edges from
s to vertices in D;.

Lemma 4.4. The vector z' is a maximizer for problem (2).

Proof. It is clear that 2'(s,e;) <c(e;)/ for every ej € D;. We need only prove that
2 is a maximal vector in P(M;) with this property. Let F' and S be, respectively,
subsets of D; and B—,,. Since z is a valid flow function for G;, then it follows that
2(FUS) <|N(FUS)|. Also, z(FUS)=2z(F)+]|S| because z saturates every edge from
s to B—y,. Combining these two inequalities we get that 2/(F) < |N(FUS)|—|9|
for any F'C D; and SC B—,,,. Therefore, by Theorem 4.2, 2’ € P(M;).

Vector 2’ is maximal because the vector y computed by poly_greedy forms a
flow function for the edges from s to D; of value no larger than the flow z’. |

Lemma 4.5. A set of smallest rate in the submatroid M; = (D;,Z;) can be computed
in O(|D; U B=y, |+ |E;|log(|D; U B=y, 12/|E;|+2)) time.

Proof. We compute a set of smallest rate in M; using Newton’s method, as described
in the previous section. Note that each iteration of Newton’s method decreases the
value of the parameter A in problem (1) and increases the value of vector ¢/\
that defines the capacities of the edges from s to D; in ;. Hence in two successive
iterations of Newton’s method, the only change in G; is an increase in the capacities
of some edges leaving the source vertex. Using parametric flow techniques, all
iterations of Newton’s method can be performed in O(|D; U By, || E;|log(|D; U

B—w,|?/|E;|+2)) time using the algorithm FIFO with dynamic trees in [1].

Let 2’ be the vector giving the value of the final flow through the edges from
s to vertices in D;. Let )\; be the rate of a set of smallest rate in M;. Let
S C D; be the set formed by all elements e € D; such that 2/(s,e) = c(e)/\;.
Since min{¢(T)/\; + rank(D; — T, M;) | T C D; } = max{y(D;) | y € P(M;) and
y<c/\}=2"(D;), then 2/(D;) =c(S)/\; + rank(D; — S, M;), and therefore S is a
set of smallest rate in M;. [ |

Theorem 4.3. The perturbability function of a transversal matroid M can be com-
puted in O(mn(m+n?)|E|log(m?/|E|+2)) time, where E is the set of edges in the
bipartite graph that defines M .

Proof. By the previous lemma, the total time required to find a set of smallest rate

p _ _
in M is O(Y |D;UB—u, || Eillog(1D; U By, [2/|Ei| +2)) = O(E|log(m?/|E|+2)

i=1

P _ _ P
> |DiUB—y;]). Observe that the sets D; and B—,,, are disjoint and that Y |D;|=
i=1 i=1
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|D| =m. Furthermore, note that at most n of the matroids M; have to be considered
when computing a set of smallest rate in M. To see why, consider a minimum weight
base B of M. Let w; be the weight of some element in M such that no element of
B has weight w;. Then, the only independent set in matroid M; =(M|E<y,,)/E<uw,

P
is the empty set. Therefore, 3 |B—y,| <n?, and the total time to compute a set

=1
of smallest rate in M is O((m+n?)|E|log(m?/|E|+2). Algorithm wuplift adds an
additional factor mn to this time. [ |

5. Conclusions

We have defined the concept of perturbability function of a matroid, which gen-
eralizes that of sensitivity analysis since it considers simultaneous changes in the
weights of all the elements in the input. The perturbability function can be used
to assess the quality of the solution of a problem when there are uncertainties or
expected changes in its input.

We have presented an O(m5n2 +m4n47) general algorithm for computing the
perturbability function of a matroid. We have also identified key properties of
transversal matroids, and exploited them to design a perturbability algorithm that
is more efficient than our general algorithm.

We have recently extended the techniques presented in this paper to design
efficient algorithms for computing the perturbability function of other interesting
classes of matroids. Specifically, we have designed efficient perturbability algorithms
for scheduling and partition matroids. We have also considered the problem of
evaluating the perturbability function at only a given point, instead of computing
all the breakpoints. We have been able to design an optimal algorithm for this
version of the problem on partition matroids. These new results will appear in a
forthcoming paper [10].

It would be interesting to see if the techniques presented here can be used to
design perturbability algorithms for non-matroid optimization problems.

Acknowledgments. We thank the anonymous referees for several helpful comments.
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